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a  b  s  t  r  a  c  t
We  analytically  present  the  dispersion  equation  of  an  asymmetric  three-layered  chi-
rowaveguides,  in which  the  core  and  the claddings  are  different  chiral  materials.  Then,
we produce  the dispersion  equation  for a  symmetric  three-layered  chirowaveguides,  in
which the  claddings  chiral  materials  are the  same,  but different  from  the  one  in  the  core.
After  that,  two  modes  of propagation  through  a chiral nihility  core  and  left  handed  mate-
rial (LHM)  claddings  waveguide  are  treated  in details.  The  characteristic  equations  and  the
cut-off  frequencies  for both  even  and  odd  modes  are  derived.  The  electric  field  profiles
are  plotted  and  discussed.  We  show  that  each  mode  (odd  and  even)  can  be  separated  into
right-handed  and  left-handed  circularly  polarized  (RCP  and  LCP)  modes.  The  results  reveal
that novel  properties  such  as  peculiar  dispersion  curves.
©  2017  Elsevier  GmbH.  All  rights  reserved.
1. Introduction
Macroscopic parameters such as the index of refraction (n), permitivity (), and permeability () are used to study
the interaction of an electromagnetic wave with a material, where it is impossible to take each atom or electron into
account. Most materials have positive permitivity and permeability and are called douple posittive materials [1]. On the
other hand, Veselago, in 1968, investigated therotically double negative materials with simultaneausly negative permitivity
and permeability [1]. The features of these materials made them reffered to as left-handed materials (LHMs) or also to as
negative index materials (NIMs). Comparing with conventional dielectric materials, LHMs have some unique properties such
as a negative refrative index, sub wavelength imaging, backward wave propagation, and reverse Doppler and Cherenkov
effects [2–17]. However, these materials do not exist in nature normally. After thirty years, Pendry developed the concept
of a perfect lens [18]. The concept to make LHMs is to treat permitivity and permeability separately. Pendry used thin
wire structure (wire array) to produce negative permitivity and magnet-free split-ring resonator (SRR) structure to produce
negative permeability [19,20]. The first experimentally LHM was  released by Shelby et al. where negative refraction in the
microwave region was confirmed [21]. In the visible region, recent publications showed that obtaining negative values of
real parts of the permitivity and permeability becomes available, but achieving a negative index of refraction becomes quite
difficult because of high values of imaginary parts of permittivity [22]. Since then, much attention of this kind of metamaterial
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Fig. 1. Schemtaic digram of a waveguide consisting of three chiral medis.
as been drawn. LHMs have been proposed for many applications such as cloaking [23], micro strip patch antenna [24], wave
bsorbers [25] and biochemical sensos [26–34].
A long time ago, chiral materials were discovered and known as optical materials with high optical conductivity. The
roperty of optical activity represents the ability to rotate the incident plane of a polarized wave. This rotation is attributed
o the asymmetry in the molecular structure. These materials are characterized with a parameter known as the chirality
arameter. When this parameter is larger than the index of refraction of the material at least near the resonant frequency,
ne eigen wave in the material becomes backward. As a result, the material becomes a negative-index material [35,36]. A
olarized wave when entering a chiral bulk medium decomposed into two  modes: right-handed circular polarization (RCP)
nd left-handed circular polarization (LCP). The velocities of the two  waves differ from each other. When getting out from
he chiral material, the two waves merge again and generate a linearly polarized wave. After leaving the chiral material,
he linearly polarized wave makes an angle with the initial plane of polarization. The angle of rotation depends on many
arameters such as the chiral medium thickness and the wavelength [37].
Due to the discovery of chiral media and its novel features, recent interest has been focused on the guided structures
lled with chiral material, called‘chirowaveguides [38–45]. Chirowaveguides, first suggested by p. pellet [38], have unique
eatures that the propagation modes are hybrid since the electric and magnetic fields are coupled to each other by chirality.
In this paper, the propagation of s-polarized light (TE) in slab waveguides in which the core layer is chiral nihility material
nd the claddings are left-handed metamaterials is invetsiagted in details. The characteristic equations and field profile are
erived and plotted. The energy guided by the wave is also investigated.
. Theory
.1. Dispersion equations of three-layered slab chiral waveguides
The geometry of an asymmetric slab chiral waveguide with thickness d is shown in Fig. 1. It consists of a thin chiral
aterial film (permittivity ε1, permeability 1 and chirality constant 1) bounded by isotropic chiral material upper and
ower half spaces with different refractive index and chirality. Unlike the conventional dielectric materials, the electric and
agnetic fields in chiral materials are coupled. This coupling is attributed to the chirality parameter and is expressed in
he constitutive relations. Depending on which field vectors are used in the relations, the constitutive relations may  take
ifferent, but equivalent, forms. The constitutive relations for the chiral media in this paper take the forms
D = εiE − ji
√
ε00H, B = iH + ji
√
ε00E (1)
here εi and i are the permitivity and permeability of medium i, respectively. i is dimensionless and normalized quantity
hich represents the handedness of the medium, called the chirality. E, H, D and B are the electric, magnetic fields, electric
isplacement and magnetic flux density, respectively.
In chiral medium, electromagnetic fields are expressed as
E = E+ + E−, H = H+ + H− (2)
The electric and magnetic fields in chiral medium are related to each other by
H± = ±j.E±/i (3)
here the (±) refter to right-handed and left-handed circularly polarized waves in the chiral medium, respectively, and√
i = i/εi is the wave impedance in the media. Substitution Eq. (2), and Eq. (3) into Maxwell’s equations for source-free
egions leads to the wave equations for RCP and LCP fields(∇2 + k2i±)E± = 0 (4)
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where ki± = k0 (ni ± i) is the effective index of refraction of both waves, k0 = ω
√
ε00 is the wave number in vaccum, and
ni =
√





























, x < −d/2.
(5)
























, x < −d/2.
(6)
for even guided modes, where the parameters ±, ı± and ˛± are given by ± = (ˇ2 − k21±)
1/2
,ı± = (k22± − ˇ2)
1/2
, ˛± =
(ˇ2 − k3±2 )
1/2
.
The other field components can be obtained by using Eqs. (2–4). According to the continuity requirement at the bound-






































































ı+k1+sinu+sinu− = 0 (7)











































































ı+k1+cosu+cosu− = 0 (8)
for even guided modes, where u± = ı±d/2.
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If the chiral media in the claddings shown in Fig. 1 have the same refractive index and chirality as those of the substrate;
1 = 3, ε1 = ε3 and 1 = 3, then we have a symmetric three- layered slab chiral waveguide. The solutions of the longitudinal-
























, x < −d/2.
(9)
























, x ≤ −d/2.
(10)
for even guided modes.




















































(1 − 2)2 +
k1−k2+
ı+−
(1 + 2)2 cosu−sinu+
}
= 0 (12)
for even guided modes.
.2. Dispersion equations of three-layered symmetric slab chiral core and achiral claddings waveguides
When the waveguide consists of a chiral core and an achiral claddings, where 1 = 0, the above parameters become
1± = n1k0 = k1, k2± = k0 (n2 ± 2), ± = (ˇ2 − k21)
1/2 =  , ı± = (k22± − ˇ2)
1/2
.






















































for even guided modes.When the guiding layer is chiral nihility with a permittivity and permeability of zero value, the
bove parameters become k1± = n1k0 = k1, k2± = ± k02, ± = (ˇ2 − k21)
1/2 =  , ı± = (k22± − ˇ2)
1/2 = (k2022 − ˇ2)
1/2 = ı


































+ m, m = 1, 2, 3, . (16)
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for LCP odd modes, where m is mode number. It is noted that m starts from 0 in RCP odd modes and from 1 in LCP odd modes.
Moreover, the dispersion relation given by Eq. (14) can also be divided into two  equations, taking in mind that RCP and

















} + m, m = 1, 2, 3, . (17)

















} + m, m = 0, 1, 2, . (18)
for LCP even modes. As can be seen, m starts from 1 in RCP even modes and from 0 in LCP even modes, because of the
handedness of chiral meta-material. This is in contray to odd modes.
2.3. Guided modes in slab chiral nihility core and LHM claddings waveguides
We  assume chiral nihility core and the claddings are left-handed materials. It is shown that the dispersion relation
given by Eq. (13) and Eq. (14) can be splitted into two  different dispersion relation corresponding to RCP and LCP modes,
respectively. For the two cases of odd and even modes, we  present the characteristic equation and the cut-off frequency.
Moreover, the field profile and the energy guided by the wave of RCP and LCP modes are also presnented.
2.3.1. Odd modes
We  use in the claddings left-handed materials (LHMs), which, by definition, have a negative refractive index. The param-

















} + m, m = 1, 2, 3, . (19)

















} + m, m = 0, 1, 2. (20)
for LCP odd modes. As can be seen m starts from 0 in LCP odd modes and from 1 in RCP odd modes. This is in contadiction
of Eqs. (15) and (16).
We can obtain the normalized cutoff frequencies (V) by setting  ̌ → 1 in the dispersion Eqs. (19) and (20)




, m = 1, 2, 3, . (21)
for RCP odd modes, and




, m = 0, 1, 2, . (22)
for LCP odd modes.


































































































or RCP (upper sign) and LCP (lower sign) odd modes, respectively. A is a constant and can be determined from the power
ow.
The magnetic fields are determined from the well-known equation
Hx,y,z = ± j
1
Ex,y,z (26)
for RCP (upper sign) and LCP (lower sign) odd modes, respectively.
The energy flowing in the waveguide is detemined from Poynting vector as












































or RCP (upper sign) and LCP (lower sign) odd modes, respectively. As can be seen from Eq. (28), the z-compnenet of S is
ositive for RCP odd modes and negative for LCP odd modes in the core, and positive for both RCP and LCP odd modes in the
laddings. On the other hand, we use LHM claddings which make the energy flux negative in the claddings for both RCP and
CP odd modes.
.3.2. Even modes
When the claddings are left-handed materials (LHMs) and the index n1 have a negative value, the dispersion relation (Eq.

















} + m, m = 0, 1, 2, . (29)
















} + m, m = 1, 2, 3, . (30)
for LCP even modes.
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Fig. 2. The dispersion curves for the first few modes.
























Fig. 3. The electric and magnetic field components k0d = 5.2 for RCP odd mode when m = 1,neff = 1.223.
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The normalized cutoff frequencies is abtained by setting  ̌ → 1 in the dispersion Eqs. (29) and (30)
V = k0d = (
2m + 1) 
(22 − n21)
1/2
, m = 0, 1, 2, . (31)
for RCP even modes, and
V = k0d = (
2m − 1) 
(22 − n21)
1/2
, m = 1, 2, 3, . (32)
for LCP even modes.



























































































for RCP (upper sign) and LCP (lower sign) even modes, respectively.

































(36)or RCP (upper sign) and LCP (lower sign) even modes, respectively. Also, it is obvious from Eq. (36) that Sz is positive for RCP
ven modes and negative for LCP even modes in the core, and positive for both RCP and LCP even modes in the claddings.
n the other hand, we use LHM claddings which make the energy flux negative in the claddings for both RCP and LCP even
odes.
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3. Results and discussion
We  can calculate the propagation constants numerically from the dispersion eqs. (19), (20), (29), (30), then the elec-
tromagnetic fields and the energy flow distribution can be calculated. In this section, we assume chiral nihility core
guiding film with the parameters 2 = ε2 = 0, 2 = 1.5. On the other hand, the cladding and substrate are LHMs with
parameters1 = (−1 + .001i) × 0, ε1 = (−1 + .001i) × ε0, and 1 = 0.
3.1. Dispersion curves
The dispersion curves are very important for understanding the wave propagation in slab waveguide structures. For the
low-order modes, we show in Fig. 2 the dispersion curves in the slab chiral nihility core and LHMs claddings waveguide. The
figure shows the dispersion curves of both odd and even guided modes. The y-axis represent neff where neff is the effective
refractive index and is given by neff = ˇ/k0. The horizontal axis represents k0d, where k0d is the normalized frequency. The solid
curves represent even modes whereas dashed curves represent odd modes. As can be seen from the figure, the dispersion
curves of LCP odd and even modes increases monotonically with the increase of k0d. The figure reveals that the cut-off
frequencies (points C1, C2) satisfy Eq. (22) or Eq. (32). On the other hand, in the RCP odd and even modes, the characteristic
curves are no longer increasing monotonically. They are bent so that the cut-off frequencies are not the minimum frequencies
that waves can propagate. For example, consider the fundamental mode (m = 0), there is one solution below cut-off frequency
(point C1) for RCP even mode. If the consider the first guided mode (m = 1), there are two solutions below cut-off frequency
(points C2, C3) for both RCP even and odd modes. This behavior of the dispersion curves reveals peculiar dispersion curves. In
these cases, the cut-off frequency is not actually “cut-off” since the actual cut-off is the minimum frequency (critical points
B, D) at which guided wave can propagate. As the frequency increases from the critical points B, D the dispersion curves split
into two divisions. The two subdivisions are chrarateriszed by increasing the effective refractive index (upper division) and
decreasing the effective index (lower division).
3.2. Odd guided modes
Figs. 3 and 4 illustrate the electric and magnetic field components and the z-component of the Poynting vector at the
value of k0d = 5.2 for RCP odd mode for the first guided mode (m = 1). Ez and Hz are odd functions of x (sin form) and Ex, Ey,
Hx, and Hy (cos form) are even functions of x. Sz is positive in the core and is negative in the claddings due to the negative
refractive index of LHM claddings. However, there are two propagation constants at k0d = 5.2.The electric and magnetic field components and the z-component of the Poynting vector are plotted in Figs. 5 and 6 at
the value k0d = 4 for LCP odd mode when m = 0. Ez , Hz are odd functions of x (sin form) and Ex, Ey, Hx, Hy (cos form) are even
functions of x. The z-component of the Poynting vector is negative in both the core and the claddings.
A.N.A. Helal et al. / Optik 149 (2017) 332–343 341












Fig. 7. Amplitudes of electromagnetic field components at k0d = 1.5 for RCP even mode when m = 0.
.3. Even guided modes
Figs. 7 and 8 illustrate the electric and magnetic field components and the z-component of the Poynting vector at the
alue k0d = 1.5 for RCP even mode when m=0. Ez, Hz are even functions of x (cos form) and Ex, Ey, Hx, Hy (sin form) are odd
unctions of x. Sz is positive in the core and is negative the claddings due to the negative refractive index of LHM claddings.
The electric and magnetic field components and the z-component of the Poynting vector are plotted in Figs. 9 and 10 at
he value k0d = 6 for LCP even mode when m=1. Ez, Hz are even functions of x (cos form) and Ex, Ey, Hx, Hy (sin form) are odd
unctions of x. Sz is negative in both the core and the claddings (due to the negative refractive index of LHM claddings).
. Conclusion
Dispersion relations of three-layered asymmetric and symmetric chiral slab waveguides were presented. We  first con-
idered all the layers constituting the waveguide are chiral. We then take the special case of slab chiral nihility core and
HMs claddings. The characteristic equations for odd and even guided modes were derived. It was  found that each of these
odes can be classified into right-handed and left-handed circularly polarized (RCP and LCP) modes. In each case of the odd
nd even modes, we presented the characteristic equations and the longitudinal component of the Poynting vector. More-
ver, both the cut-off frequencies and the field profiles were also presented, plotted and discussed. Numerical results for
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Fig. 8. Energy flux at k0d = 1.5 for RCP even mode when m = 0.
Fig. 9. Amplitudes of electromagnetic field components at k0d = 6 for LCP even mode when m = 1.
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ypical chirality parameters of several low-order guided modes were provided. Some unusual properties such as abnormal
ispersion curves in the chiral nihility waveguides were found.
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